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ARTICLE INFO ABSTRACT

Keywords: Mixed logit models are widely used to recover individual-level preferences for secondary
Mixed logit analysis, yet both first-stage sampling uncertainty and variability in conditional distributions
Second-stage inference are often overlooked. This technical note illustrates the implications of ignoring these sources of

Conditional distributions
Preference heterogeneity
Bootstrap simulation

uncertainty and provides reproducible R code, compatible with the apollo package, to better
approximate the empirical sampling distribution and improve the reliability of second-stage
inference.

1. Introduction

Mixed logit models, including random parameter models and latent class models, are used to estimate unobserved preference
heterogeneity (McFadden and Train, 2000). Using post-estimation techniques, researchers routinely derive the mean of each
individual’s conditional (posterior) distribution as a point estimate of marginal utility or willingness-to-pay (see e.g., Revelt
and Train, 2000; Train, 2003; Sillano and de Dios Orttizar, 2005; Greene et al., 2005). Across diverse applied fields (including
environmental, transport, health economics, and marketing) these conditional means are commonly deployed in downstream second-
stage analyses to examine the determinants of preference heterogeneity or to segment consumer populations. In practice, they
are regularly used as dependent or independent variables in regression models (e.g., Campbell, 2007; Borger et al., 2021), spatial
modelling (e.g., Campbell et al., 2008, 2009; Johnston and Ramachandran, 2014; Czajkowski et al., 2016; Vij and Hess, 2025), and
hypothesis testing or group comparisons (e.g., Sandorf et al., 2017; Richter and Pollitt, 2018). However, this widespread practice
frequently ignores that these conditional means are: i) dependent on the estimated model parameters, inheriting the sampling
variability from the first-stage estimation, and (ii) themselves point summaries of a posterior distribution and therefore subject
to their own inherent uncertainty (see, e.g., Hess, 2010; Sarrias, 2020; Chappell et al., 2022). Omitting these sources of variance
risks underestimating standard errors in the second-stage analysis, thereby inflating the likelihood of Type I errors. This problem
directly parallels the well-known variance-propagation issues in classic two-stage econometric modelling (e.g., Heckman, 1979;
Newey, 1984; Pagan, 1984; Murphy and Topel, 1985).

To ensure valid inference, both the sampling variation of the first-stage model parameters and the probabilistic nature of
the conditional distributions must be reflected in downstream analyses. In this note, we consider the large sample properties
of estimators based on conditional means, outline how to incorporate these uncertainties using simulation-based methods and
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provide reproducible code compatible with the apollo package in R (Hess and Palma, 2025). While our illustration draws on
an environmental application, the problem and solutions apply broadly to any context using conditional estimates from mixed logit
models.

2. Second-stage inference with estimated posterior means

To generate the sampling distribution for the second-stage analysis, we build on previous work examining the sampling properties
of individual-specific conditional estimates (e.g., see Revelt and Train, 2000; Sarrias and Daziano, 2018; Chappell et al., 2022). We
depart from their work by focusing on the properties of the downstream estimators where these conditional estimates are used
as inputs. We outline the key steps below emphasising the appropriate method for generating the conditional estimate’s sampling
distribution in a second-stage context to assess both consistency and efficiency.

2.1. Recovering individual-level posterior means

Let B* denote the true (unknown) vector of marginal utilities for individual a. In estimation, we fit a mixed logit model to a
random sample of N individuals, each providing 7, choice observations to recover population-level parameters 0 that characterise
the distribution of preferences in the population. Depending on the mixed logit model used, we obtain either parametric random
coefficients (e.g., means and variances) or class-level utilities together with membership probabilities. To obtain the individual-level
likelihood contributions w,, (conditional weights) for each individual n, we first draw R samples, denoted f3,,,, from the multivariate
distribution defining the random coefficients in the mixed logit model. Importantly, these draws are conditional on the estimated
hyperparameters of the distribution, so that uncertainty arises both from the sampling of individual-level coefficients and from
the point estimates of the distributional parameters themselves.! For random parameters logit models, the posterior or conditional
density generally does not have a closed-form solution, motivating the need for simulation. The conditional weights w,,. are then
constructed from these draws. In a standard random parameters logit model, the unconditional (prior) weights r,, are uniform,
i.e., z,, = R™! for all r, whereas in a latent class model they correspond to the unconditional class membership probabilities, where
R now denotes the number of classes and f3,, class-specific parameters. In a frequentist framework, w,, provides an approximate
conditional posterior given the estimated hyperparameters, the observed sequence of choices y,, and the associated explanatory
variables X,,, and the simulated draws f,,.. Each weight is computed as:

Pr (Yn | Xrt? ﬁnr) s
Oy = R . (€D)]
Zr=1 Pr (Yn | X, ﬁnr) s

The expected conditional mean for attribute k is:

R
ﬁAnk = z wnrﬁnkr' (2)
r=1

This provides the posterior mean approximation for individual », serving as an approximation of 7 . In the case of models with
a continuous mixing distribution (such as the random parameters logit) the posterior lacks a closed-form expression and must be
approximated via simulation, rendering the resulting conditional distribution discrete even for large R (notwithstanding that the
underlying posterior is effectively continuous). By contrast, in a latent class model the posterior weights are available in closed
form, as the finite mixture structure means the conditional class membership probabilities can be computed exactly given estimated
parameters. Thus, for any mixed logit model, the simulated approximation to the posterior distribution of g, for individual n,
conditional on the estimated population-level parameters 0, is given by:

) o (ﬂ | é) = { (B> @) » (Butzr @2) » -+ > (Bukr> @) } - 3

From this discrete distribution, the variance and other moments can be calculated as weighted sums of powers of the outcomes,
using the associated weights w,,. as the probability mass function.

2.2. Asymptotic properties of the second-stage estimator

Once the conditional mean f,, is obtained, it can be used in a second-stage analysis. We focus on ordinary least squares (OLS)
regression analysis treating f,, as the dependent variable, though similar properties and implications generally apply across various
tests and settings. This creates a two-stage estimation problem. In the first stage, a mixed logit model is estimated to obtain the
population-level parameters 0. In the second stage, the resulting individual-level preference estimates are regressed on observed
characteristics. The key question is how to correctly account for the fact that f,, is itself estimated, rather than known exactly. To

1 In a fully Bayesian framework, sequential simulation via a Gibbs sampler would ensure convergence to the true marginal posterior (e.g., see Dekker et al.,
2025), thereby capturing both sources of uncertainty. The frequentist approximation employed here conditions on estimated hyperparameters and thus treats
estimation error as a separate component.



D. Campbell et al. Journal of Choice Modelling 60 (2026) 100624

answer this it is necessary to establish the asymptotic properties of the second-stage estimators. Define the posterior mean vector
for individual » as:

B,0)=Eq (B, |y,.X,) Q)

which makes explicit that 3,,(0) is a function of the first-stage parameters 0 and the observed data. Note that [3,,(8) denotes the vector
of posterior means evaluated at the true hyperparameters. This need not equal the true individual-specific taste parameter *: the
two coincide only in the limit as 7,, — oo, since the consistency of individual-level posterior means requires a growing number of
choice observations per individual (see Revelt and Train, 2000; Sarrias and Daziano, 2018; Chappell et al., 2022). In any finite
sample, the posterior mean is shrunk toward the population mean, and the degree of shrinkage increases as T, decreases (Sarrias,
2020). In practice, since 0 is unknown, we substitute the first-stage estimate 0, giving the plug-in posterior mean for attribute k as:

Bu = B (0), 5)

which is what is actually used in the second stage. Because 0 # 0 in any finite sample, ﬁnk # B,(0); the plug-in posterior mean
inherits the estimation error from the first stage.
Suppose the true second-stage OLS relationship is*:

Bu®=28+e,, E(e,lz,)=0. (6)

This says that if we knew the true posterior means, they would be linearly related to individual characteristics z, via the true vector
of parameters 9, plus an idiosyncratic error ¢,. This is the relationship we seek to estimate in the second stage.
Under standard regularity conditions, the first-stage estimator is consistent and asymptotically normal:

VN (0-0)5 A (0,5), )

where Xy is estimated from the first-stage model. Because $,,(0) is a smooth function of 0, it can be approximated locally using a
first-order Taylor expansion:

Buic Do (0) + Gy (0) (8- 0) + 0, (V172 (8a)
where:
96,0
Gu®) = L2, (8b)

is a 1 x P row vector of partial derivatives of the kth posterior mean with respect to the P hyperparameters, evaluated at the true
0. This captures how sensitive individual n’s posterior mean is to changes in the population-level parameters. Because (f,;, — f,(0))
is approximately a linear function of (ﬁ —0), and the latter is asymptotically normal, the former is asymptotically normal too, with
variance given by the standard delta method formula:

VN (B = 5 ®) > N (0, G, (8) % G, (8)). ©

In plain terms: the uncertainty in f,, arising from first-stage estimation error is quantifiable, and depends on both how uncertain 0
is and how sensitive the posterior mean is to changes in 0.
Under the further conditions that:

N

1 I 1 »

27 Q. Y 2,6 (8)= Q. (10)
n=1

with Q. positive definite, the asymptotic variance of the second-stage OLS estimator S comprises three components:
avar (8) = Q! [, +Q., ZpQ], + C+CT[ Q). an

Here Q, = plim N~! qu\’: | 2,27 €2 is the standard heteroskedasticity-robust variance that would be obtained if the posterior means
were observed without error; Q_, Zong is the additional variance induced by first-stage estimation error propagating through the
posterior means into the second stage (i.e., precisely the term the simulation procedure below is designed to capture); and C + CT
captures the asymptotic covariance between the idiosyncratic second-stage variation, N~!/2 Zflv: | Z.€,> and the aggregate first-stage
estimation error, Q,, \/ﬁ (0 — 0), which in many settings will be negligible since the two sources of variation operate at different
levels (one individual-specific, one aggregate), but which contributes to the true variance in general. The key implication is that
naively running a regression on f,, and using standard errors as if ,, were fixed omits the second and third terms entirely, leading
to underestimated standard errors and overconfident inference.

2 Note that this is a relationship involving the posterior mean f,, () rather than the true taste parameter f

> the two coincide only as T, — oo, as mentioned
above.
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By repeatedly drawing 0 ~ N ®, 2y), recomputing ﬁfjg = $,,(0%)), and rerunning the second-stage regression each time, one
is essentially simulating the distribution implied by the delta method argument above. Each s draw perturbs 0 in a way consistent
with its estimated sampling distribution, and the resulting variation in f,, across draws mimics the first-order uncertainty derived
analytically above. This is precisely the approach proposed by Krinsky and Robb (1986) for propagating parameter uncertainty
through nonlinear functions, adapted here to the second-stage regression context.

The derivation above assumes that the second-stage estimator is a smooth function of the posterior means, which holds for
OLS and for many other estimators commonly used in practice. It is worth stressing that the foregoing discussion concerns the
asymptotic properties of & as a function of the estimated posterior means f,,. This is sufficient if the object of interest is inference
on the relationship between posterior means and individual characteristics. However, because f,; is the expectation derived from
the posterior distribution, it does not fully reflect the uncertainty inherent in that distribution; an issue we turn to next.

Recall that the posterior mean f,, = ﬂ,,k(ﬂ) is a point estimate, specifically, the mean of the conditional distribution given
the observed data and the estimated population parameters. Even if we knew 0 exactly, there would remain genuine uncertainty
about the true individual-specific taste parameters f% . All we can say is that it is drawn from some distribution f(-), informed by
the choices observed for that individual, y,, the attributes of the alternatives they faced, X,,, and the parameters describing the
population-level distribution of preferences, 0:

B 1Y, X,.0 ~ £C). (12)

The more choices individual » made (larger T),), and the greater the variation in the attributes they faced, the more informative
y, and X, become, and the tighter this distribution concentrates around the true ﬂn*k (Sarrias, 2020). In the limit, as T, - o, the
posterior collapses to a point mass at /% . Separately, as N — oo, consistency of the first-stage estimator ensures 00, eliminating
the additional uncertainty introduced by plug-in estimation of the hyperparameters. In addition to these asymptotic properties, it
should be recognised that posterior means from conditional distributions tend to “shrink” toward the population mean, especially
when individuals provide limited information (e.g., few choices or little variation). This occurs because the conditional means
are influenced by the estimated population parameters, which reflect averages across individuals. As a result, the distribution of
conditional means is typically narrower than the unconditional distribution (e.g., Revelt and Train, 2000; Hess, 2010; Sarrias and
Daziano, 2018). This narrowing arises because conditional means do not capture the variance around themselves, which contributes
to the full unconditional variance (Daly et al., 2012). Such shrinkage can introduce attenuation bias in second-stage regressions
that treat these means as true individual parameters, another reason why its important to consider the full posterior distribution
rather than just the point estimates when conducting second-stage analyses, especially when the number of choice observations per
individual is small, and the degree of shrinkage is likely to be substantial.

To formalise this second source of uncertainty, define the conditional variance vector for individual » as:

A,®) = Varg (B, 1¥,:X,) = Eq [ (B, = £,(8)) (B, = £,®)" 17,.X, . (13)

This matrix captures the spread of the posterior distribution around its mean, reflecting the irreducible uncertainty that remains
even if the population hyperparameters @ were known exactly. When individual n provides many choice observations (large T},) with
sufficient variation in the choice attrlbutes, the likelihood dominates the prior and A,(0) — 0 as T, — o, meaning the posterior
collapses and the plug-in posterior mean f,, converges to the true individual-specific parameter By, However, in finite samples
where T, is small or fixed (as is typically the case in practice), A,(0) remains strictly positive. Because the point summary j,, fails
to capture this spread, treating it as the true parameter ignores a second, distinct source of uncertainty, that is entirely separate
from the first-stage hyperparameter uncertainty discussed above, which can lead to further underestimation of standard errors in
subsequent second-stage analyses.

This gives rise to a decomposition of the total discrepancy between the plug-in posterior mean and the true individual taste
parameter into two distinct components:

(ﬁnk - ﬁ:k) = [ﬁAnk - ﬂnk(ﬁ)] [ nk(e) k] (14)
hyperparameter posterior
uncertainty shrinkage

The first term (hyperparameter uncertainty) arises from sampling variability in the first-stage parameter estimates and is precisely
what the simulation procedure outlined above addresses, as formalised by the delta method argument above. The second term
(posterior shrinkage) reflects the irreducible uncertainty about §* that remains even at the true . It arises because B,y is only
a point summary of the posterior distribution, which has positive variance [A,,(O)]kk in any finite sample. More generally, when
multiple posterior means are used jointly in a second-stage analysis, the full posterior variance matrix A,(0) is relevant, as its
off-diagonal elements [An(ﬁ)] " capture posterior covariance across attributes k and ;.

To account for both sources of uncertainty simultaneously, one can draw directly from the full posterior distribution £, ( | 0
rather than simply recomputing the posterior mean at perturbed hyperparameter values. Specifically, for each simulation draw s:

1. Draw 0© ~ A, Zy), propagating hyperparameter uncertainty as before.
2. For each individual n, obtain a draw [?,(53 from the posterior distribution recomputed at the perturbed hyperparameters:

{(ﬂf«;{)v <v)) <ﬂ}<1;>2’ <v)) (ﬁil)x’ (v))}’ 1s)

and weights o) are recomputed using 8 in place of 0.

FD ~ By (B109), where F,(5]09)

where the support points g

nkr
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3. Rerun the second-stage regression using ﬂ:;c) in place of f,;.

This extended procedure propagates both sources of uncertainty into the second-stage estimates. The asymptotic variance of the
resulting estimator ® now comprises an additional term relative to the expression derived above:

avar (8) = Q! [.QE +Q,,ZQ, +Q., +C+ CT] Q. (16)

where Q,; = plim N~! ny: | 2,A,(0)z] captures the contribution of the posterior spread to the asymptotic variance of the second-
stage estimator. Intuitively, when the posterior distributions are diffuse (e.g., because individuals provide limited information) the
additional noise introduced by drawing from those distributions inflates the variance of the second-stage estimates beyond what
hyperparameter uncertainty alone would imply.

It is important to recognise what each simulation procedure achieves and what it does not. The first procedure, which draws
only from the sampling distribution of @ and recomputes posterior means, correctly captures the additional variance term Q. ZQQ;
term induced by first-stage estimation error, but leaves the posterior spread term Q,; unaddressed. The extended procedure, which
additionally draws from the conditional distribution £, (§ | ), captures both. The choice between them depends on the inferential
objective. If the goal is inference on a relationship involving the posterior mean 5,,(0) (i.e., treating the posterior mean itself as the
object of interest) the first procedure suffices. If the goal is inference on a relationship involving the true individual-specific taste
parameter /% , the extended procedure is required. Even then, a sufficiently large within-individual sample size T, is needed to ensure
that the posterior variance [A,,(ﬂ)] « is small enough for the conditional distribution to be tightly concentrated around g7, so that
draws from it serve as reliable proxies for the true parameter. In practice, when T, is small or fixed, neither procedure fully resolves
the target mismatch between g,,(0) and ﬂ:k, and this limitation should be acknowledged when interpreting second-stage results.

2.3. Simulation procedures

The theoretical exposition above identifies two distinct sources of uncertainty that affect second-stage inference: hyperparameter
uncertainty, captured by the term QZgZQQIg, and posterior spread, captured by Q,,. To illustrate the practical implications of
addressing neither, one, or both of these sources, we construct four alternative empirical sampling distributions of the second-stage
estimator 0, corresponding to the four possible combinations of accounting or not accounting for each source of uncertainty.

1. Ignoring both sources of uncertainty: The second-stage regression is estimated using only the plug-in posterior means
B, = B (0) as the dependent variable, treating them as fixed and known. This produces the naive estimator whose standard
errors omit both the QZgZOQZg and Q,, terms, and will in general understate the true sampling variability of 0.

2. Hyperparameter uncertainty only: The second-stage analysis is replicated across S draws of the first-stage hyperparameter
vector from its estimated asymptotic sampling distribution:

0<S>~M(6,2‘~,), s=1,....8, a7)

with posterior means f,,(0) recomputed at each draw and used as the dependent variable in the second-stage regression.
This propagates hyperparameter uncertainty into the second-stage estimates, capturing the ngZQQ-ng term, but leaves
posterior spread Q,, unaddressed.?

3. Posterior spread only: The second-stage analysis is replicated using draws ﬁfl;) taken directly from each individual’s estimated
posterior distribution £, (8 | 0), with the hyperparameters held fixed at 0:

ﬁﬁ) ~ ﬁnk(ﬂ | 0) where £, (ﬁ | 0) = {(Bukt>®u1) » (Buk2r @2) 5 -+ > (Bukro @ar) } - (18)
This accounts for uncertainty in the conditional distribution (capturing the Q_, term) but does not incorporate sampling error
in 0, leaving the Q,, ZOQIg term unaddressed.

4. Both sources of uncertainty: The second-stage analysis is replicated accounting for both sources simultaneously, following
the extended procedure outlined above. For each draw s =1, ..., S:

i. Draw 0% ~ N (é, 2y, propagating hyperparameter uncertainty.
ii. Recompute the posterior distribution £, (8 | 0)) for each individual n, updating both the support points ﬂfj()r and the
conditional weights o) using 0.
iii. Obtain a draw ﬁfjg ~ F,( | 09)), propagating posterior spread.

iv. Rerun the second-stage regression using ﬁfjg as the dependent variable and retain 80,

This comprehensive procedure captures both Q_, ZBQ; and Q,,, yielding the most accurate empirical sampling distribution for

9. The distribution of 8® across the .S replications provides simulation-consistent standard errors and confidence intervals for the
second-stage estimator.

3 This is akin to the resampling approach of Chappell et al. (2022), who develop a simulation-based procedure to obtain valid asymptotic standard errors
for individual-level posterior parameter estimates recovered from a random parameters ordered probit model. Our procedure differs in that the focus is on
propagating first-stage uncertainty into a second-stage regression analysis.
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2.4. Diagnosing consistency and efficiency via bootstrapping

The theoretical results above establish that the naive second-stage estimator (which treats f,, as fixed and known) omits the
variance terms ngE(,QIg and Q,,, leading to understated standard errors. However, omitting these terms need not compromise
the consistency of 6. In the OLS setting considered here, where f,, enters as the dependent variable, measurement error in f,, is
absorbed into the regression residual rather than the regressors z,. Provided E(e, | z,) = 0 holds and T, is sufficiently large that
B (0) ~ n*k, OLS remains consistent for 9, albeit inefficient. As a consequence, the simulation-based estimates 8 will be centred
on & across replications, confirming consistency rather than correcting for any bias.

This property does not, however, generalise to all second-stage settings. When posterior means enter as generated regressors on
the right-hand side of the second-stage model, measurement error is no longer absorbed into the residual but instead contaminates
the regressor, inducing attenuation bias and rendering the naive estimator inconsistent (see, e.g., Pagan, 1984). Similarly, in
nonlinear second-stage models the relationship between the generated variable and the structural parameter of interest can be
sufficiently complex that the naive estimator does not converge to the correct quantity. In both cases, the simulation procedure
reproduces rather than corrects the underlying bias: it recovers the empirical sampling distribution of a biased estimator, not of
a consistent one. Researchers working in these settings should therefore exercise considerable caution, and may need to adopt
bias-correction methods or instrumental variable approaches before applying the simulation procedure.

To assess consistency and efficiency empirically, we propose the following bootstrap procedure applied to the .S second-stage
estimates {3(5)}f= . obtained under the three simulation procedures.”

Consistency
i. Compare point estimates: Compute the naive plug-in estimate 8 to the mean of {8(5) }fz |- Agreement between the two provides

empirical evidence of consistency.

ii. Bootstrap confidence interval: Resample {8(5) }f=1 with replacement, computing the mean of each resample, and take the 2.5th
and 97.5th percentiles across resamples to form a 95% bootstrap confidence interval for 9.

iii. Assess consistency: If 9 lies within this interval, the naive estimator is consistent (i.e., it recovers the correct parameter values
despite ignoring the two additional variance terms). If it lies outside, the omitted terms affect not just efficiency but the point
estimate itself, indicating inconsistency.

Efficiency
i. Bootstrap the confidence intervals bounds: For each bootstrap sample, compute a 95% confidence interval for 8. Across all
bootstrap samples, compute the 2.5th and 97.5th percentiles of both the lower and upper bounds separately, yielding a
confidence interval around each boundary of the bootstrap interval (i.e., an interval for the interval).
ii. Compare with naive inference: Construct the classical confidence interval based on the naive estimator:

&ty xoms- SE(S) , (19)

where 75_g (25 is the r-critical value with N — K degrees of freedom (relating to the second stage model) and SE(9) is the
naive standard error that ignores both Q,, ZQQ; and Q.

iii. Interpret the comparison: If the naive confidence interval lies entirely within the bootstrapped bounds (i.e., the bootstrapped
lower limit falls below and the bootstrapped upper limit extends above the naive interval) this indicates that the naive
estimator is consistent but inefficient: it is centred correctly but understates the true sampling variability of O by omitting
the additional variance terms identified previously.

3. Demonstration
3.1. Data and models

To illustrate our approach, we use stated choice experiment data from Norway designed to elicit marginal willingness to pay
(WTP) to prevent the spread of an invasive crab species. Further details on the data and study results can be found in Sandorf et al.
(2025). The discrete choice experiment consisted of 40 binary choice tasks, divided into five blocks. The sample comprised 1496
respondents, each completing eight choice tasks, yielding a total of 11,968 choice observations. Each alternative is described by
four attributes: spread (presence of the invasive crab, coded as four dummy variables), species remaining in the area with the crab
(continuous percentage of species remaining.), environmental quality (coded using four dummy variables), and tax (which is the
yearly nominal increase in taxes for a period of 15 years, entered as a continuous variable).

A standard conditional logit model using these attributes (plus a status-quo constant) includes 11 parameters. To focus on
unobserved preference heterogeneity, rather than interacting attributes with respondent characteristics, we estimate a mixed logit
(random-parameters logit) model. All 11 parameters are treated as random and normally distributed, except the cost (tax) coefficient,

4 This is a non-parametric bootstrap applied to the set of second-stage estimates obtained across the S simulation draws. It does not involve resampling
individuals or re-estimating the first-stage model, and is therefore computationally straightforward.
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which follows a negative log-normal distribution. Allowing full correlation via a Cholesky decomposition yields 77 parameters. The
model is estimated using 2500 Modified Latin Hypercube Sampling draws (Hess et al., 2006). Because all inference procedures
occur post-estimation, the model needs to be estimated only once, keeping computation manageable. In the second-stage, we use
the individual-specific posterior distributions of marginal WTP implied by the model. We focus on WTP for the “species remains”
attribute, defined as the negative ratio of its random coefficient, f°, to the random cost coefficient, ¢. Thus, the posterior distribution
of marginal WTP for individual » is:

b b b
ﬁ,,k(wzpf; | é) = {(—ﬂ’—;l,wM) , <—ﬂ—’f,wn2> Ve <—ﬁ"TR,wnR> } . (20)
nl n2 nR

We treat these individual-level WTP estimates as the dependent variable in an OLS regression:
w}pz =6y + bym, + 6ya,, (21)

where m, = 1 if respondent n is male (0 otherwise), and a, is age in years. The key parameters of interest are 5, and 4,, and we test
the null hypotheses H, : 6, =0 and H,, : §, = 0 using two-tailed tests.

We begin with the naive approach: regressing posterior means of individual-specific marginal WTPs on gender and age. This
yields point estimates and a variance—covariance matrix from which standard errors and 95% confidence intervals can be constructed
under standard OLS assumptions. To evaluate the validity of the naive inference, we implement the three simulation-based
procedures outlined earlier, which account for uncertainty in both the conditional marginal WTP distributions and the first-stage
parameter estimates. The core R function for simulating the conditional distributions from apollo (Hess and Palma, 2025) output
is provided in Appendix A.

3.2. Findings

Complete estimation results for the mixed logit model, including plots illustrating the resulting heterogeneity in marginal WTP
and the corresponding OLS regression output, are provided in Appendix B. For brevity, we focus here on the empirical sampling
distributions of the second-stage estimates §, and §,, presented in Fig. 1(a) and Fig. 1(b), respectively. For the naive approach, the
sampling distribution is generated from a r-distribution with mean 4, standard error SE($), and 1494 degrees of freedom. The three
simulation-based empirical sampling distributions are each constructed from 5000 replications of the second-stage regression under
Procedures 2-4, and displayed as kernel density estimates. Vertical lines mark the mean and 95% confidence interval bounds (2.5th
and 97.5th percentiles), with shaded envelopes indicating the 95% confidence region. Horizontal bars beneath each panel report
the widths of the 90% and 95% confidence intervals to facilitate comparison of estimator efficiency across procedures.

The results are instructive. Under the naive approach, both §, and 4, are statistically significant, suggesting meaningful
demographic effects on marginal WTP. Accounting for hyperparameter uncertainty alone (Procedure~2) yields near-identical
conclusions and, if anything, a slightly tighter sampling distribution. This is a reminder that the naive standard error is not simply
too small, but a biased estimate of the wrong quantity: the naive OLS residual conflates true idiosyncratic error with measurement
error, inflating the residual variance, while the simulation propagates only hyperparameter uncertainty, which is genuinely small
when the first-stage model is estimated precisely.® Introducing posterior spread (Procedure 3) substantially widens the sampling
distributions, however, such that neither demographic effect retains significance; revealing a Type I error under the naive approach.
Accounting for both sources simultaneously (Procedure 4) widens the distributions further, reinforcing this conclusion.

Despite these differences in precision, all four approaches yield closely aligned point estimates, with the naive § generally falling
within the simulation-based confidence intervals. This provides empirical support for the consistency of the naive estimator. The
systematically narrower naive confidence intervals confirm, however, that the issue is one of efficiency rather than consistency:
the naive approach recovers the correct parameter values but understates their true sampling variability, leading to overconfident
inference.

4. Conclusion

This paper addresses a well-known but frequently overlooked problem in applied discrete choice modelling: the proper treatment
of uncertainty in second-stage analyses that use individual-level posterior means from mixed logit models. Although the sampling
variability of first-stage estimates and the spread of conditional distributions have been noted (e.g., Revelt and Train, 2000; Train,
2003; Hess, 2010; Sarrias and Daziano, 2018; Chappell et al., 2022), their combined impact on downstream inference has received
little systematic attention. Treating plug-in posterior means f,, as fixed and known omits two distinct variance components,
hyperparameter uncertainty and posterior spread, leading to understated standard errors and overconfident inference.

Grounding both sources of uncertainty in a delta method framework, we propose a Krinsky—Robb type simulation procedure
(Krinsky and Robb, 1986) to recover the empirical sampling distribution of second-stage estimators. The empirical case study
confirms that naive estimators are consistent but inefficient: ignoring either source of uncertainty produces standard errors that

5 There is no theoretical guarantee that the simulation-based distribution must be wider than the naive one. A negative cross-covariance between first-stage
estimation error and second-stage idiosyncratic noise (C+ C' < 0) can further reduce the total variance below ©Q, alone. The direction of the difference depends
on the specific data and model.
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i. Ignoring both sources of uncertainty (u; = —0.495, o5 = 0.216) i. Ignoring both sources of uncertainty (y5 = 0.018, o5 = 0.007)
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Fig. 1. Sampling distributions of the second-stage estimates.

are materially understated. Although the exposition focuses on OLS, the procedure extends to any second-stage estimator that is a
smooth function of the posterior means and for which repeated estimation is feasible (including a wide range of estimators commonly
used in practice, such as t-tests, ANOVA, and spatial models) with the same delta method justification carrying over directly. In the
multivariate case, where posterior means for several attributes are used simultaneously (e.g., Campbell, 2007), the procedure must
additionally account for the full posterior covariance matrix A,,(0). Formal proofs for each estimator class and a thorough treatment
of the multivariate case remain important avenues for future work.

Two limitations deserve emphasis. First, when T, is small, neither procedure fully resolves the target mismatch between $,,(0)
and g7 : improving inference about posterior means is not the same as recovering relationships involving true taste parameters.
Second, once systematic preference variation is identified in a second-stage analysis, the natural response is to incorporate those
covariates directly into the mixed logit specification. Re-estimating the model with these relationships embedded allows the
researcher to capture the directional effects of observed heterogeneity on preferences within a coherent structural framework, rather
than treating them as post-hoc observations. Where re-estimation is not feasible, practitioners should be especially cautious about
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using second-stage relationships to predict preferences for unsampled individuals or populations: such predictions are conditional
on realised choices and subject to posterior shrinkage, and do not carry the same inferential standing as structurally identified
parameters. The procedures developed in this paper ensure that the two sources of uncertainty are correctly propagated, but correct
propagation is a necessary condition for valid inference, not a sufficient one: whether the recovered relationships are structurally
meaningful remains a substantive question that no amount of simulation can resolve.
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Appendix A. R code for conditional draws from apollo model estimates

This appendix provides the primary R code used to generate the results presented in the main text, centred on the condi-

tional_draw function. The function is designed for use with model output from the apollo package (Hess and Palma, 2025)
and can be executed in any R environment where the package is installed and loaded. Its function arguments are:

model: the fitted apollo model object, including estimated parameters and their (robust) variance—covariance matrix.
apollo_probabilities: the user-defined function specifying the model’s choice probabilities.

apollo_inputs: the structured list created by apollo_validateInputs(), containing all data, parameter names, and
settings required by apollo_probabilities.

use_varcov: logical; if TRUE (default), draws incorporate uncertainty in the first-stage parameter estimates.
return_output: logical; if TRUE (default), the function returns a list containing (i) a dataframe of conditional draws, (ii)
the unconditional draws, and (iii) the corresponding weights. If FALSE, only the conditional-draw dataframe is returned.

# ______________________________________________________________________________
# conditional_draw()

# ______________________________________________________________________________
# Generates one draw from the individual-level conditional distribution implied
# by an apollo model, optionally incorporating uncertainty in the first-stage

# parameter estimates. Supports random parameters and latent class logit models.
#

# Args:

# model : apollo model object returned by apollo_estimate()

# apollo_probabilities : Probability function passed to apollo_estimate()

# apollo_inputs : Model input list

#  use_varcov : If TRUE, simulate parameters using the robust VC matrix
# return_output : If TRUE, return weights & unconditional dists as well

#

# Returns:

# A data frame of one simulated conditional draw for each individual and

# random parameter (or LC class), optionally with weights and unconditionals.

# ______________________________________________________________________________

conditional_draw <- function(model, apollo_probabilities, apollo_inputs,
use_varcov = TRUE, return_output = TRUE) {

# Copy model so simulated coefficients do not overwrite original
model_draw <- model
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if (use_varcov) {
coef_names <- setdiff(names(model$estimate), model$apollo_fixed)

# Cholesky of robust variance-covariance matrix
L <- chol(model$robvarcov)

# Draw standard normal vector
z <- matrix(rnorm(length(coef_names)), nrow = 1)

# Transform to simulated coefficient draw
sim_draw <- z %*% L + matrix(model$estimate[coef_names], nrow = 1)

# Assign simulated coefficients
model_draw$estimate[coef_names] <- sim_draw[1, ]

b

# Unpack objects from apollo_inputs

silent <- isTRUE(apollo_inputs$silent)
apollo_beta <- model_draw$estimate

apollo_fixed <- model$apollo_fixed

apollo_control <- apollo_inputs[["apollo_control']]
database <- apollo_inputs[['"database']]

draws <- apollo_inputs[["draws']]
apollo_randCoeff <- apollo_inputs[["apollo_randCoeff']]
apollo_draws <- apollo_inputs[["apollo_draws']]
apollo_lcPars <- apollo_inputs[["apollo_lcPars']]

continuous  <- isTRUE(apollo_control$mixing)
latentClass <- is.function(apollo_lcPars)

if (is.null(apollo_control$HB)) {
stop('Not implemented for HB models.'")

if (continuous) {
# Mixed logit: unconditional distribution of random parameters
unconds_draw <- apollo_mixUnconditionals/(
model_draw, apollo_probabilities, apollo_inputs

)

# Conditional probabilities for each draw
P <- apollo_probabilities(
model_draw$estimate,
apollo_inputs,
functionality = "conditionals"

# Conditional weights (posterior probabilities)
w <= P / rowSums(P)

}
if (latentClass) {

# Latent class: conditional weights over classes
w <- apollo_lcConditionals(model_draw, apollo_probabilities,

10
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}

apollo_inputs) [, -1]

# Unconditional distributions for each class
unconds_draw <- apollo_lcUnconditionals(model_draw, apollo_probabilities,
apollo_inputs)

# Remove mixing weights (not needed here)
unconds_draw$pi_values <- NULL

# Expand to individual x class structure
n_indivs <- model$nIndivs
n_col <- ncol(w)

unconds_draw <- lapply(unconds_draw, function(x) {
mat <- matrix(unlist(x), ncol = n_col, byrow = TRUE)
mat [rep(1L, n_indivs), , drop = FALSE]

1)

n_row <- nrow(w)
n_var <- length(unconds_draw)

conds_draw <- matrix(NA_real_, nrow = n_row, ncol = n_var)
colnames (conds_draw) <- names(unconds_draw)

# Draw one component/class per individual using conditional probabilities
rand_indices <- apply(w, 1, function(p) sample.int(length(p), 1L, prob = p))

seq_n <- seq_len(n_row)
for (i in seq_along(unconds_draw)) {
conds_draw[, i] <- unconds_draw[[i]] [cbind(seq_n, rand_indices)]

if (return_output) {
return(list(
cond_draws

as.data.frame(conds_draw),

unconds = unconds_draw,
weights =W
))
} else {
return(as.data.frame(conds_draw))
}

Appendix B. Model results

Estimation results from the random parameters logit model are reported in Table B.1.
In Fig. B.1, we show histograms of the marginal willingness to pay (WTP) for the “species remains” attribute (in NOK per person

per year). The top panel presents the unconditional WTP distribution, reflecting overall preference heterogeneity in the sample. The
four lower panels display conditional mean WTP distributions by gender and age: males <50, males >50, females <50, and females
>50. These plots illustrate subgroup differences in individual-level WTP implied by the model. The extent to which these differences
are systematic is assessed formally in the second-stage OLS analysis.

11



D. Campbell et al. Journal of Choice Modelling 60 (2026) 100624

i. Unconditional distribution

ii. Means of conditional distributions (for males aged <50 years)

iii. Means of conditional distributions (for males aged >50 years)

iv. Means of conditional distributions (for females aged <50 years)

v. Means of conditional distributions (for females aged >50 years)

4 8
Marginal WTP

Fig. B.1. Marginal willingness to pay (WTP) for the “species remains” attribute (in NOK per person per year)

12
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Table B.1

Mixed logit model results.
Parameter Estimate Parameter Estimate Parameter Estimate Parameter Estimate
mu_sq 2.713 (41.364) mu_sp100 —0.475%** (0.100) mu_sp200 —1.001%** (0.164) mu_sp300 —1.652%** (0.227)
mu_sp400 —1.921%** (0.291) mu_spc 3.116%** (0.265) mu_evql2 1.195%** (0.140) mu_evql3 2.497%*% (0.206)
mu_evqlé 3.534%%% (0.293) mu_evqls 3.995%** (0.332) mu_tax 0.551%** (0.087) ch_sq —2.806 (41.376)
ch_sq_sp100 0.312 (0.220) ch_sp100 —0.894*** (0.176) ch_sq_sp200 1.030*** (0.339) ch_sp100_sp200 -1.167*** (0.366)
ch_sp200 0.283 (0.261) ch_sq_sp300 1.787*** (0.320) ch_sp100_sp300 -1.327**  (0.552) ch_sp200_sp300 —0.259 (0.349)
ch_sp300 -0.332 (0.376) ch_sq_sp400 1.856*** (0.395) ch_sp100_sp400  -1.402** (0.670) ch_sp200_sp400  -0.144 (0.523)
ch_sp300_sp400  -0.696 (0.554) ch_sp400 0.499*  (0.280) ch_sq_spc —0.680 (0.423) ch_sp100_spc 0.794**  (0.402)
ch_sp200_spc -0.388 (0.812) ch_sp300_spc -0.691 (0.549) ch_sp400_spc —1.287*** (0.446) ch_spc 1.860*** (0.405)
ch_sq_evql2 -0.195 (0.364) ch_sp100_evql2 0.204 (0.422) ch_sp200_evql2 —0.492 (0.486) ch_sp300_evql2 0.202 (0.548)
ch_sp400_evql2  -0.114  (0.525) ch_spc_evql2 1.121%%* (0.349) ch_evql2 0.859**  (0.389) ch_sq_evql3 —1.207*** (0.457)
ch_sp100_evql3  -0.171 (0.338) ch_sp200_evql3  -1.143%** (0.429) ch_sp300_evql3  0.084  (0.430) ch_sp400_evql3  -0.370  (0.393)
ch_spc_evql3 1.605%** (0.399) ch_evql2_evql3 0.500 (0.587) ch_evql3 —0.005 (0.331) ch_sq_evqld —1.562*** (0.575)
ch_sp100_evql4d -0.112 (0.405) ch_sp200_evql4d -0.629 (0.525) ch_sp300_evql4 0.383 (0.529) ch_sp400_evql4 —0.442 (0.593)
ch_spc_evql4d 2.432%%% (0.401) ch_evql2_evql4 0.212 (0.871) ch_evql3_evqld -0.229 (0.309) ch_evql4d —0.095 (0.242)
ch_sq_evqlb —2.051%** (0.702) ch_sp100_evqls  —0.240  (0.534) ch_sp200_evqls  —0.672  (0.618) ch_sp300_evql5  0.831  (0.543)
ch_sp400_evql5 -0.743 (0.838) ch_spc_evqlbs 2.653%** (0.491) ch_evql2_evqlb 0.526 (1.004) ch_evql3_evqlb -0.392 (0.413)
ch_evql4_evqls —0.044 (0.560) ch_evqls 0.154 (0.167) ch_sq_tax —0.047 (0.125) ch_sp100_tax 0.645%** (0.071)
ch_sp200_tax —0.047 (0.094) ch_sp300_tax 0.517%** (0.113) ch_sp400_tax 0.486%** (0.136) ch_spc_tax 0.472%** (0.046)
ch_evql2_tax —0.753%** (0.126) ch_evql3_tax —0.097*  (0.051) ch_evql4_tax —0.231%** (0.051) ch_evql5_tax —0.196%** (0.048)
ch_tax 0.276%** (0.037)

*

Notes: Log-likelihood at convergence: —5372.510; adjusted p2: 0.343. Cluster-robust standard errors are in parentheses. *, **, and *** indicate significance at the 10%, 5%, and 1% levels, respectively

(two-tailed tests).

Table B.2
Ordinary least squares regression results
based on means of conditions.

Parameter Estimate
(Intercept) 3.258** (0.360)
male —0.495** (0.216)
age 0.018*** (0.007)

Notes: Residual standard error = 4.077 (df =
1433); R*> = 0.008; Adjusted R*> = 0.007; F-
statistic = 5.892 (df = 2, 1433, p = 0.003).
Standard errors are in parentheses. *, **, and ***
indicate significance at the 10%, 5%, and 1%
levels, respectively (two-tailed tests).

Table B.2 reports OLS results where the conditional mean estimates of marginal WTP for the “species remains” attribute, derived
from the random parameters logit model, are regressed on gender and age.

Data availability

The main function is presented in the appendix.
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